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Abstracts Programs that learn so modify their own behaviors require 
a way of representing algorithms eo that interesting properties and 
interesting transformations of algorithms are simply represented. 
Theories of compatibility have teen based on Taring machines, recursive 
factions of integers and computer programs* Each of these has artifi- 
cialities which make it difficult to manipulate algorithms or to prove 
things about them* The present: paper presents a formalism based or, 
conditional forma and recursive functions whereby the functions cots- 
payable in terms of certain base functions can be simply expressed. 
We also describe some of the formal properties of conditional forms 
and a method called recursion induction for proving facts about algo- 
rithms* A final section in the relatione between computation and 
■mathematical logic is Included* 

Computation is sure to become one of the most; important of the 
sciences^ Thi<< is because it is the science of how machines can be 
madte to carry our: intellectual processes* We know that any in'Geiiec- 
tual process* that; can be carried out mechanically can be performed by 
a general purpose digital eosr.puter« Moreover, the limitations on what 
we have been able to make computers do bo far seem to come far more 
from our weakness a&s programmers than from the intrinsic limitations 
of the machines v We hope that these limitations aan be greatly reduced 
by developing a mathematical science of computation* 

There are three established directions of mathematical research 
relevant to a science of computation., The first and oldest of theee 
is fl^fr^ca! analysis Unfortunately, its subject matter is too 
narrow*" to "&e cf*mucITl-e.ip in forming a general theory* and it has only 
recently begun to be affected by the existence of automatic computation < 

The second relevant direction of research is the theory of compu- 
tability m a branch of recursive function theory. The results of Vne 
basIFl?or'k in this theory including the existence of universal machines 
and the existence of unaolvable probleme, have established a framework: 
in which any theory of computation must fit* Unfortunately „ the 
general trend of research in this field has been to establish more and 
better unsolvability theorems, and there has. been very little attention 
paid to positive results and none to eetablishlng the properties of tne 
kinds of algorithms t,has are actually used* Perhaps for this reason 
the formalisms for describing algorithms are too cumbersome to be used 
r;o describe actual algorithms,- 

The third direction of mathematical research is the theory/ of 
finite automata- Results which use she finiteness of the number of 
states tend not to be very useful in dealing with present computers 
which have bo many statee' that it is impossible for them to go through 
a substantial fraction of them in a "?e&sonable time. 

The present paper It an attempt to create a ba^is for a mathe- 
matical theory of' computation w . Before mentioning what .13 in the paper,, 
we shall discusa briefly what practical results em be hoped for frort 
a suitable mathematical theory, Thia paper contains direct ccritrlbu- 
-ior.fs nowards only % fc-v^ of the goal;* to be ^en^ione-1^. but we li&t: 



ic. To develop a universal programming language? We believe th&t 
this goal has been written off prematurely* by a ^number of people * Our 
opinion of the present situation :1s that AJJ3QL is on the right track 
bat mainly lacks the ability to describe different kinds of dafea ? that 
COBOL is a step op a blind alley on account of its orientation towarfs 
English which is not; well suited to the formal description of pro* 
cedures, and that UHOOL is an exercise in group wishful thinking., Tfee 
formalism for describing computations in this paper is not presented 
ae a candidate for a universal programming language because it lacks 
a number of features, mainly syntactic, which are necessary for con- 
venient use* 

2c To define a theory of the equivalence of computation prooeeses, 
With such a theory we can define equivalence preserving transformations, 
Sash transforations san be used to take an algorithm from a form in 
whiah it is easily seen to give the right answers to an equivalent 
form guaranteed to give the same answers but which has other advan- 
tages such as speed, economy of storage ^ or the incorporation of auxil- 
iary processes « 

4o To represent algorithms by symbolic express lone in such a way 
that significant changes in the behavior represented by the algorithms 
are represented by simple changes in the symbolic expressions * Pro- 
grams that are supposed to learn from experience change their behavior 
by changing the contents of the registers that represent the modifi- 
able aspects of their behavior. Prom a certain point of view* having 
a convenient representation of one £ s behavior available for modifica- 
tion is ^rhat is meant by consciousness* 

5o To represent computers ae well as computations in a formalism 
that permits a treatment of the realtlon between a computation and the 
computer that carrier out the computation* 

6* To give a quantitative theory of computation. There o'^ght to 
be a quantitative measure of the size of a computation analogous to 
Shannon's measure or' information c The present paper contains no infor- 
mation about thiBo 

The present paper la divided into two sections* The first con- 
tains several descriptive formalisms with a few examples of their use,, 
and the s^eom contains v*hat little theory we have that enables us to 
prove the ^quiv&iaoc* oi computations' expressed in these formalisms..) 
The formalisms treated are the following % 

lo A way of describing the functions that are computable in 
terms of given base functions using conditional expressions and recur- 
sive function definitions* This formalism differs from those of re- 
cursive function theory in that it is not based on the integers or any 
other fixed domain* 

2o Computable functionals, i*e, functions with functions ae 
arguments . 

3o Non-somputable functions* By adjoining quantifiers to the 
computable function formalism, we obtain a wider clase of functions 
whish are not a priori computable e However* such functions can often 
be shown to be eqafvSTenc to ' computable functions* In fact^ the 
mathematics of computation may have as one of its maior aspects rule** 
whi«5-h permit ua to transform functions from a non-computable form into 
a computable form* 

k* Ambiguous fune-tlcna* Fim^ttoria whoae values are incompletely 
specified may "be useful in proving facts about functions where certain 
details are irrelevant to the ^atemervr being proved . 
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5, A way of defining new data spaces In terms of given base 
spaces and of defining functions on the new spaces in terms of func- 
tions on the base spaces. Lack of suoh a formalism is one of the main 
weaknesses of ALGOL, but the business data processing languages such 
as FLOWMATIC and COBOL have made a sftart In this direction, even 
though this start is hampered by concessions bo what the authors pre- 
sume are the prejudices of business men* 

The second part of the paper, contains a few mathematical results 
about the properties of the formalisms Introduced in the first part. 
Specifically, we describe the following: 

1, The formal properties of conditional expressions . 

2., A method called recu rsion induction for proving the equiva- 
lence of recursively def inedTT unctions „ 

"3. Some relations between the formalisms introduced in this . 
paper" and other formalisms current in recursive function theory and in 
programming,, 

We hope that the reader will not be angry about the contrast be- 
tween the great expectations of a mathematical theory of computation 
and the meager results presented in this paper e 

FORMALISMS FOR DESCRIBING COMPILABLE FUNCTIONS 
AND RELATED ENTITIES 

In this part we describe a number of new formalisms for expres- 
sing computable functions and related entities . The most Important 
section Is i, the subject matter of which is fairly well understood. 
The other sections give formalisms which we hope will be useful in 
constructing computable functions and in proving theorems about them. 

tc Functions Computable in Terms of Given Base Functions 

Suppose we are given a base collection ¥■ of functions {including 
predicates) having certain domains and ranges . In the case of the 
non-negative Integers, we may have the successor function and the pre- 
dicate of equality, and In the case of the S-expressions discussed in 
(7), we have the five basic operations. Our object Is to define a 
class of functions C (T) which we shall call the class of functions 
computable in terms of y « 

Before developing C {T} formally, we wish to give an example, 
and in order to give the example, we first need the concept of condi- 
tional expression. In our notation a conditional expression has the 
form > 

which corresponds to the ALGOL 60 reference language (5) expression 
1£ Pl fchen e ± fel8e ££ Pg then e 2 •'° ° e ^ se i£ p n ^ hen e n 

Here p i , .•» f p ls are prepositional expressions taking; the values T or F 
standing for truth and falsity respectively. 

The value of (p t -* e. v p. ? — a pt .» .,P n ~* e n ) Is the value of the e 

corresponding to the first p that has value T. Thus 

(&< 3 -* 7 p>3 — 8,. 2< 3 -» 9, *•< 5 "~* 7) ~ 9 
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Some examples of the conditional expressions for well known fane- 
tions are 



jxj * ( x<0 ■"* -XjXiO -* x) 



and the triangular function whose graph is given in figure i is re- 
presented by the conditional expression 

tri (x) * (x £ -1 -* 0,x * -* x+.t,x * i -* ±~x,x > 1 -» 0) 

y 




C-i.o) 



Figure 1 



(1,0) 



Now we are ready to use conditional expressions to define functions 

recursively o For example, we have 

nl * (n«0 -♦ l,n^0 -* n°(n- .1)1) 
Let us evaluate 21 according to this definition* We have 
21 - (2-0 -» 1,2/^0-* 2- (2-1)1 ) 

a 2-11 

» &(i«0-* l,S/0"* i»-(i-i)i) 

« 2oi»0t 

* 2«t. (0«0 -* 1,0^0 -♦ 0* (0-1) I ) 

«* ■ 2«l»i 

m 2 

The reader who has followed these simple examples is ready for 
the construction of C (Tj which is a straightforward generalization 
of the above together with a tying up of a few loose ends , 

Some Notation o Let T be a collection (finite in the examples we 
shall~glve; of functions whose domains and ranges are certain sets. 
C {y) will be a class of functions involving the same sets which we 
shall call computable in terais of T • 

Suppose f is a function of n variables, and suppose that if we 
write y * f (x 1 ,,..,x |1 ) # each x ± takes values in the set V ± and y takes 

its value in the set V, It is customary to describe this situation by 
writing 

f : "U^xTJ^sCo^cX!^ -* V 

The set y ± x...xU n of n-tuples (x^.,.,^) is called the domain of f, 
and the set V is called the range of f* 



Worms f»nd Functions.. lc order co raak*-; properly the definition 
-r%r ^^w^^'l?rtr*Hr»^lnttulsh between functions and expressions In - 
vo?vlipTfre4 variables; "Following Church- the latter are called S^rag., 
^i™^ Teft^rs p>ir'r a* ? .. g. h, efe« or sequences of letters b^h as^ , 
M« ^~usert" to "denote functions c Express.Lo.is such as fpr,y), fJg^LLt&h 
£rv V are~cailed fora»?7~"TX^rtiaular we may refer to the fusion 
|-7?sTt-r-l bv f 'V v'. ** y^-vvo Our definitions fill be written as though 
*ll *or*s invoking functions were written f.,.»,j although we will 
use expressions like x^ with infixes like , in examples, 

Composition- flow we shell describe the ways in which new functions, 
are deftneT7r5rJ?'o2d ^he first way may be called (generalized) comgo- 
^tio-/ and" invoice* the use of forms o We shal, use the letters x«y^_^ 
73cm5tln*8 with 'subscripts) for variables and vtll suppose that mere 
is a rotator <or* constants that does not rnake expressions ambiguous.. 
/TV »ia thgTdeoimai notation Is allowed for constants when we are dealing 

wi^'h ^ntesers • .* 

The class 'of forms is defined recursively as follows: 

jTr a' variable x with an associated space "•' is a form,, and with 

this form we also associate XL A constant in a ypace V is a form and 

we" also associate U with thiti form..- ; 

ii) If e M ...,e are forma associated witl vhe spaces u^, c u> o n 

respectively, then f^, „ . « ,e n ) is a form associated with the space 

V. Thus the' form f{g(x,y),xf may be built from Jie forms g(x,y) and 

x. and the function f 8 

Xf ail the variables occurring in a xorm e arc- among x ±s ,, v ,x n ,, 

we can define a function h by writing h(x ± , ■, - * r \y ** e. We shall 
assume that the reader knows how to compute the value of a function 
denned in this way. If f^-,f„, are all the ?unc*acna occurring in 
/- we shall say that the function h is defined by ^igoaitioii from 
r . f . <n :.<? class of functions definable from givu functions u;?.in^ 

only composition is narrower than the claae of function computable in 
terms of these function**, 

Partial Functions s In 'die theory of computation 1; is necessary 
to d^aTwIrH "parHaTTunctions which are not defined foi ax: n-fcaples 
in their domaii^T~^huirie~Kave the partial function rrti.ua, alined by 
tD^n'ipfx v) - x-v„ which is defined on those pairs (x,y, 01 pos. ; \ive 
integers" for which x is greater than y. A function -*iich 10 _w.i.v* 
for all n- tuples in its; domain is called a total funotiou We ,*^ 
the limiting case of a partial function which is not dei.neocfoc an, 
n-'^'UDles 

The n-tuples for which a function described by composition is .ie~ 
fined "is determined in an obvious w&y from the sets of r-auple & ■ lor ^ 
wblcb the functions entering the composition are deflnea .t «tJ* c,<^ 
factions occurring in a composition are total functions. ^ ^ £u ^. 
tion is also a total function, bub the other processes <or «'^f 
f- motions are not so kind to totality. When the word lunctloj r* 
us*d "f'^om hftre on., we shall mean partial function. 

Havirw to introduce partial functions Is a nuisance, but ai . un- 
avoidable ?»! T&£ rules' for defining _ coaaa .table functions ^om^s 
give rofflDUtation prorec^ ^tvr never cerminace, and war. the ■£»!£-;•: 



^V^Bsft tvl'^P T''^ ; ^ 



known that there is no effective general way of deciding whether a 
process will terminate. 

Predicates and Propcsit ional Forms <, 'The space IT of truth value® 
whose only eleaferiEa are 'T~TTov truth) "and F (for falsity) has a special 
role in our theory, A function whose range is ]"!" is called a predi- 
cate. Examples of predicates on t;he integers are prime define3H5y~ 

pr^oe.xj | p oth&rwise 
and less defined by 

lesB(x vl~. > T if x<y 

We shall, of course f write x <y instead of les£j(x e y). For any apace 
U there is a predicate eq |t of two arguments defined by 

/ \ ( 7 if x>~vf 
eq 7J (x,yj - j £ otherwise 

We shall write x^y instead of eq«(x,y), but some of the remarks 
about functions might not hold if we tried to consider equality a 
single predicate defined on all spaces at once,. 

A form with values in IT such as x<y ? x«y„ or prime (x) Is 
sailed a propqeitlonal form „ 

Propositlonal forma constructed directly from predicates such as 
prime (x) or x<y may be called simple * Compound propositions! 
forms can be constructed from the single ones by means of the preposi- 
tional connectives A. „ V , and «* „ We shall assume that the reader 
is familiar with the use of these' connect! was. 

C ondit ional Forms or Conditional Expressions., Condittonai forms 



require a little more careful treatment than was given above in con- 
nection with the example <, The value of the conditional form 

is the value of the e corresponding to the first p that has value 
T; if all p !i s have value F, then the value of the conditional form 
is not defined This rule ia complete provided all the p's and e»£? 
have defined values ,, but we need to make provision for the possibility 
that some of the p»s or e»n are undefined.. The rule is as follows! 

If an imdefined p occurs before a true p or i£ a11 E . s ftFg 

false o r" Tf "^fcfie' ' ' '"'& "gory a sponSTng^f^o'^ia T xrst true p pT~uno.ef~ ined , 
iEeh fche f~ormTg undelTneo , ffSBerwTB e, tEe value of |he Torm"~0rT5h~e ' 
vaTue" oT %e e oorresponding~^onEHe~"firs'f l£rue £ c ' ~" " 

We shall illustrate this definition by additional example;*; 

(2 < 1 -» i v 2 >1 -»• v ■) ^ ?; 
( i -<■ 2 ~» < 1 * 2 -* 3 j «■ 4 
(2<l-*i ji 34il-*^i is undefined 
«0/0<i-* !,!<.£ -» 3) Is undefined 
f 1 * 2 -* 0/0, i < £ -* i ) is undefined 
(± * 2 -* 2*1< 3 -* 0/0} ^ 2 

The trath value 1 car?, be used to eimpiify certain conditions:, 
.forms „ Thus., instead of 

x; « {x wo-* -x,,.t.s?C "♦ x). sue shall write 



The proposisional connectives car; be expressed In terms of condi- 
tional forms as follows.! 

pAq - (p -+ q,T "** P : 

pVq ^ {p -* T,T -* q) 

^P « (p ~* F f T -* T} 

pcq - (p -* q,T ~* Tj 

Considerations of truth tables shows that these formulas give the 
same results aa the usual definitions However, in order to treat 
partial functions vie must; consider the possibility that p or q 
may be undefined o 

Suppose that p is false and q is undefined; then according to 
the conditional form definition pAq is false and qAp is undefined* 
Biis unsymmetry in the prepositional connectives turns out to be ap- 
propriate in the theory of computation since if a calculation of p 
gives F as a result q need not be computed to evaluate pAq* but 
if the calculation of p does not terminate, we never get around to 
computing q» 

It is natural to ask if a function cond n of 2n variables can be 
defined so that 

^ p l ~* e l> ° *^ p n~* e n^ : * cox *M p X* ° * ° » p n* e l* ° • °* e n^ ° 

This is not possible unless we extend our notion of function because 
normally one requires all the arguments of a function to be given be- 
fore the function is computed However, as we shall shortly see, it 

is important that a conditional form be considered defined when, for 

example ^ p 1 is true and e^ 1b defined and all the other p !; s and 

e«s are undefined* The required extension of the concept of function 
would have the property that functions of several variables could no 
longer fee identified with one-variable functions defined on product 
spaces o We shall not pursue this possibility further here 

We now want to extend our notion of forms to include conditional 
forms o Suppose p., *«*«p^ are forms associated with the space of 

truth iraluee and e^^o^e^ are forum each of which is associated with 

the; sp&;e VI Suppose farther that each variable x 4 occurring in 

p, * , tt ,p v and e 4 , * c , ,,e.., is associated with the space II, Then 

(p r ~* e 1 ? co: y p^ ~* e 3 is a form associated with V„ 

We believe- chat' conditional forms will eventually come to be gen- 
erally used in mathematics whenever functions are defined by consider- 
ing cases. Their introduction is the same kind of innovation ae vector 
r-otaeiono Nothing can be proved with them that could not also be 
proved without -them* However, ^heir formal properties, which will be 
discussed later v will reduce many case-analysis verbal arguments to 
emulation* 

jDfinlttqn of Functions by Recursion P The definition 

ru * (n^O **+ i r T -+ n« (n~I)0 

i.s iin example of definition by recursion,. Consider the coaputaticn of 

w, - '0-^0 -♦ 'Lx™ -+ O-(O-iH) ~ 1: 
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We now see that it is important to provide that the conditional form 
Is defined even if a term beyond the one chat gives the value is un- 
defined. In this case .{0-1)4 is undefined,, 

Note also that if we consider a wider domain than the non- 
negative integers , nfc as defined above becomes a partial function, 
since unless ' n is a non-negative integer, the recursion process does 
not terminate „ ^ . 

In general, we can either define single functions by recursion 
or define several functions together by simultaneous recursion, the 
former being a particular case of the latter . 

To define simultaneously functions f^..*,^, we write equations 

X * iX^ g C 6 O p X_ / ** t- Jl 

* 
C 


Ir^i* ° ° c sX n ** e & 

The expressions e i( ...,e k must contain only known functions and 
the functions f i ,-*,,i\o Suppose that the ranges of the functions are 
to be V^ooojVfc respectively; then we farther require that the ex- 
pressions e«,,*.,e fe be associated with these spaces respectively, 
given that within e' 1 ,„„.., e fe the f»s are taken as having the V»s 
as ranges . This is a consistency condition „ 

f 1 {x i ,ooo,x k ) is to be evaluated for given values of the x«s 
as follows, 

±* If e ± is a conditional form then the p«s are to be eval- 
uated in the prescribed order stopping xvhen a true p and the corres- 
ponding e have been evaluated* 

2. If e ± has the form g(ej,.-c,e*), then ej, 8 .„,e* are to 
be evaluated and then the function g applied* 

3„ If any expression f A (ef, .« - ,e*) occurs it is to be evaluated 
from the defining equation* 

4* Any subexpressions of e i that have to be evaluated are eval- 
uated according to the same rules* 

5* Variables occurring as subexpressions are evaluated by giving 
them the assigned values* 

There is no guarantee that the evaluation process will terminate 
In any given case* If for particular arguments the process dees not 
terminate, then the function is undefined for these arguments* If the 
function f a occurs in the expression e ir then the possibility of 
termination' depends on the presence of conditional expressions in the 

Tlie class of functions C f f\ computable in terms of the give? 
base functions *T Is defined to consist of the functions which can Ia 
defined by repeated applications of the above recursive definition 

process > 



it 






. - 9 - 

2„ Reouraive Functions of the Integers 

In Reference 7 we develop the recursive functions of a class of 
symbolic expressions in terms of the conditional expression and re- 
cursive function formalism • 

As an example of ^he use of recursive function definitions, we 
shall give recursive definitions of a number of functions over the 
integers,, We do this for three reasons: to help the reader famil- 
iarize himself with recursive definition, to show how much simpler in 
practice our methods of recursive definition are than either Turing 
machines or Kleene's formalism, and to prove that any partial recur- 
sive function (Kleene) on the non-negative integers is in G{Tj 
where *? contains only the successor function and the predicate 
equality. 

Let X be the set of non-negative integers {o,l,2,«..} and 
denote the successor of an integer n by n» and denote the equality 
of integers n^ and n^ by n^an^e. If we define functions succ and 

succ (n) » n 8 

«„ t~ - \ /'T if h 4 * n 
S qCn ±> n 2> "(f if n^nf 

then we write *&* « {succ,eq} We are interested in C {T; * 
Clearly all functions in C {*?} will have either integers or truth 
values as values * 

First we define the predecessor function gred (not defined for 
n»0) by 

pred(n) . * pred2{n,0) 

pred2(n,m) ** {m***n -* m,T ~* predaCn^m 9 ))* 

We shall denote pred(n) by n~« 
Now we define the sum 

m+n « (n*0 ~* m,T-~* m f +n~), 

the product 

nm »" (n^O -* G^T -+ m + mnT), 

the difference 

m-n « (n*0 -* m # T -* nf-n~) 

which is defined only for id £n« The inequality predicate m*n is 
defined by 

m£n * {m~Q)V(~(n&0)A(wri&n'))« 
The strict inequality m *n is defined by 

The integer valued quotient m/n is defined by 

m/n « (m<n -+ 0,T -* {(m-n/n)*)* 
The remainder on dividing m by n is defined by 

rem (m/n) « (ro<n -* m,T ~* rein {m-n/n)),, 
and the divisibility of a number n by a number m, 

mjn » (n«0)v{(nsrn)A(tn|{n-m)))o 






- to ~ 

The primeness of a number is defined by 
prime (n) » (n*0)A{n/l)Aprirae2(n,25 
where 

prime2(m,n) » (ra«n)v{ ~(m|n)Aprirae2{n,m» )) • 

The Euclidean algorithm defines the greatest common divisor if 
we write 

gcd(m,n) « (m>n~* gcd(n,m),rera{n/m) « -*■ m,T -*■ gcd(rem(n/m),m)) 
and we can define Euler's *f -function by 

¥(n) - *f2'(n,n) 
where 

Y2(n,m) * (m-i-»i, gcd(n,m) » 1 -* H*2(n,fif)«,T -* ^2(n,m")) . 

( 4(n) Is the number of numbers less than n and relatively prime to n. 

The above shows that our form of recursion is a convenient way of 
defining arithmetical functions. We shall 3ee how some of the proper- 
ties of the arithmetical functions can conveniently be derived in this 
formalism in a later sect ion « 

3« Computable Functionals 

■ - mm m—mmHm m n m mi i mm ■ - » i i — ■■ ■« — it-. c „ ■ , — «■ . < nn . nn -~. 

^ The formalism previously described enables us to define functions 
that have functions as arguments » For example, 
n 

6m a i 

can be regarded as a function of the numbers ra and n and the se- 
quence fa*} . If we regard the sequence as a function f we can write 
the recursive definition 

sum(m,n,f) « (m>n^ 0,T^ f(m) h surofra+l^f)} 

or in terms of the conventional notation 
n n 

72 f{i) - (m>n- 0,T-f(m} + S f(i)) - 
l^m i»«m+l 

Functions with functions as arguments are called f unctlonals » 

Another example is the functional least (p) which gives the least 
integer n such that p(n) for a predicate p. We have 

least (p) * least2{p,0) 

where 

least2(p,n) « (p(n) -+ n,T -+ least2(p,n+i)} 

In order to use f unctlonals it is convenient to have a notation 
for naming functions . We use Churches 1 lambda notation. Suppose we 
^ have a function f defined by an equation f (x,,, « ,,x n ) « e where 
e is some expression in x 1 ,o..,x n< The name of this function is 
'X((x 1 ,.,„,x n ),e) ( , For example,, the name of the function f defined 

by f(x,y) « x 2 -+y is X((x,y),x 2 + y). 



<"«*-ft^--/- ->^=dfe^-a&*>g&fl**4*<>_- 
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Thus we have 

X({x,y),x 2 + y)(3,*) - 13, 

but A((y,x),x 2 + y)(3,4) - 19* 

The variables occurring in a X definition are dumBSf or bound vari- 
ables and can be replaced by others without changing the function pro- 
vided the replacement is done consistently * For example, the expres- 
sions P 

*i(x,y),x; + y-J, 

*((u,v),uj + v), 
and X((y*x),y^ -§- x) ^all represent the same function* 

In the notation XT * i 3 represented by sum(l,n, X({i),i^)) 

1*1 o 

and the least integer n for which n >50 is represented by 

least{ }((n),n 2 >50) . 

When the functions with which we are dealing are defined recur- 
sively, a difficulty arises* For example, consider factorial defined 
by — 

factorial (n.) * (n**0 ~M,T ~* n* factorial (n~l)) • 

The expression 

*XC(n), (ri«0-> i,T~» n»factorlal(n~l))) 

cannot serve as a name for this function because it is not clear that 
the occurrence of fl factorial 11 in the expression refers to the function 
defined by the expression as a whole* Therefore, for recursive func- 
tions we adopt an additional convention o Namely, 

label(f, MCx^o.^Xjjhe)) 

stands for the function f defined by the equation 

f (x^ooo^x^) ** e 

where any occurrences of the function letter f within e stand 

for the function being defined* The letter f^ also serves as a dummy 

variable o The factorial function then has the name 

label (factorial, \( (n), (nO -> 1,T ~* n* factorial (n-1) ))) $ 
and since factorial and n are dummy variables the expression 

label(g, X((r)^{r^O^ 1,T ~* r»g(r~i)})) 
represents the same function* 

If we start with a base domain for our variables, It is possible 
to consider a hierarchy of functionals * At level 1 we have functions 
whose arguments are in the base domain ■• At level 2 we have function- 
als taking functions of level 1 as arguments « At level 3 are 
functionals taking functionals of level 2 as arguments, etc* Actually 
functionals of several variables can be of mixed type* 

However, this hierarchy does not exhaust the possibilities, and 
if we allow functions which can take themselves as arguments we can 
eliminate the use of label in naming recursive functions a Suppose 
that we have a function ? defined by 

f(x) - £<x,f) 



*^^#^^$&m^^ - — ~~- -v***»ft**Mi^ l i9 ~m wm\~.u 
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where c (x,f) is some expression in x and the function variable 
f * This function can be named 

label (f, X{(x), £(x,f))) 

However, suppose we define a function g by 

g (x,cf) . f ( X , MW,Wx,v))) 

or 

g ~ X{(x,M>), f.(x, A «x) f *(»,*)))) . 

We then have 

£(x) - g(x,g) 
3ince g(x f g) satisfies the equation 

g(x,g) • f{x, *{(x),g(x,g))) . 
Now we can write £ as 

f - MM, xlb.V), £(y. X(M, <tlu. < 1))))MUto, i *) 

£(y,;i«u),M>{u,9»» 

This eliminates label at what seems to be an excessive cost. Namely, 
The expression gets quite complicated and we must admit functional3 
capable of taking themselves as arguments « This escapes our orderly 
hierarchy of functionals* 

4o Non- Computable Functions and Punctlonals 

It might be supposed that in a mathematical theory of computation 
one need only consider computable functions. However, mathematical 
physics is carried out in terms of real valued functions which are not 
computable but only approximable by computable functions « 

r We shall consider several successive extensions of the class 
G \T\ „ First we adjoin the universal quantifier V to the opera- 
tions used to define new functions • Suppose e is a form in a vari- 
able x and other variables associated with tEe space TT of truth 
values o Then 

V(Cx),e) 

is a new form in the remaining variables also associated with TT» 
V*({x),e) has the value T for given values of the remaining vari- 
ables if for all values of x, e has the value T. V((x),e) has 
the value F if for at leasTJ one value of x, e has the value F„ 
In the reamlning case, i>e a for some values of x, e has the value T 
and for all others e is undefined, V((x),e) ~is undefined* 

If we allow the""use of the universal quantifier to form new pro- 
positional forms for use in conditional forms, we get a class of func- 
tions Ha {7} which may well be called the class of functions hyper- 
arithmetic over *p since in the case where *¥ « {successor, equality} 
on the integers, Ha{7j consists of Kleene's hyper-arithmetic func- 
tions a 

Our next step is to allow the description operator i . 
£((x), p (x)) stands for the unique x such that p(x) is true. 



Unless there is such an x and it is~unique, *{(xj,p{x)) is unde- 
fined. In the case of the Integers £(({x),p(x5) mm oe defined in 



■!'•* 



terms of the universal quantifier using conditional expressions, but 
this does not seem zo be the case in domains which are not effectively 
enumerable , and one may not wish to do so in domains where enumeration 
is unnatural. 

The next step is to allow quantification over functions » This 
gets us to Kleene's5 analytic hierarchy and presumably allows the func- 
tions used in analysis. Two facts are worth noting* First 
Vf(f)t q'(fU refers to all functions on the domain and not just the 
computable 'ones. If we restrict quantification to computable func- 
tions, we get different results* Secondly, if we allow functions which 
car; take themselves as arguments, it is difficult to assign a meaning 
to the quantification. Jn fact, we are apparently confronted with the 
paradoxes of naive, set theory <» 

5 a Ambiguous Functions 

Ambiguous functions are not really functions > For each prescrip- 
tion of values to the arguments the ambiguous function has a collec- 
tion of possible values o An example of an ambiguous function is 
less(nl defined for ail positive integer values of n„ Every non- 
negative Integer less than n is a possible valus of less{n). First 
we define a basic ambiguity operator amb(x y y) whose possible values 
are x and y_ when both are defined; oSRerwise,, whichever is defined. 
Now we can define iesa(n) by 

less (n) ~ e>mt in-lp less (n-l) ) ., 
less(n) has the property that if tire define 

ult(n) « fii^O -♦ 0,T-* ult(leas(n))) 
then 

V((ix),ult(n)*0) « ■?„ 

There are a number of inportant kinds of mathematical arguments 

whose convenient formalization may involve ambiguous functions u In 
order to give an example # we need two definitional 

If f and g; are two ambiguous functions, we shall say that f 

is a descendant: of g if for each x every possible value of f (x) 



perty of ambiguous functions 



is also a possible value of gjxjh 

Secondly,, we shall say thai a pro., 
is hereditary" if whenever it is possessed by a function g it is also 
possess&aTby "all descendants of g. The property that iteration of an 
integer valued function eventually gives is hereditary, and the func- 
tion leas has this property* So, therefore, do all its descendants,, 
11 
n 

however complicated, which always reduces a num6er will if iterated 
sufficiently always give 0„ 

This example is ose of our reasons for hoping that ambiguous 
functions will" turn out; to be useful * 

With just the ooeration amb defined above adjoined to those 
used to generate C {¥} ., we can extend T to the class C» {Tj which 
may be called the eomputably ambiguous functions, A wider class of 
ambiguous '■ f unc tiohiHCs Termed" using "We operator Am (x , v (x ) ) whose 
va'l ies are all x B s satisfying rfx}.> 
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6« Recursive Definitions of Sets 

— «hil« 1 i«i»i«W»<*».ii .Ml ,,i •-. iiiHH* !■ HM Bll Ml l« !«■ l«" J.J lr ■ •"■ J ■ " T 

In the previous sections on recursive definition of functions 
the domains and ranges of the basic functions were prescribed and the 
defined functions had the 3ai»e domains and ranges* 

Jn this section we shall consider the definition of new sets and 
the basic functions on them* First we shall consider some operations 
whereby new sets can be defined » 

io The Cartesian product AxB of two sets A and B is the set of 
all ordered pairs (a«b) with a«A and b€B. If A and B are finite 
sets and n(A) and n(B) denote the numbers of members of A and Ir- 
respectively then n(AxB) » n(A)«n(B) . '' 

Associated with the pair of sets (A,B) are two canonical raap_- 



r A B :AxB -* A defined by ir A B ((a»b)) 
^ A ' B :AxB-*B defined by /° A B ((a«b)) 



a 



The word "canonical" refers to the fact that ir A B and ^b 
are defined by the sets A and B and do not depend on fcnowlng anything 
about the members of A and B, 

The next canonical function 6 is a function of two variables 

o A B sA,B "* AxB defined by 

^ AD (a»b5 * (aob) 

For some'purposes functions of two variables, x from A and y from B, 
can be identified with functions of one variable defined on AxB < 

2o The direct union A ($>B of the sets A and B Is the union of 
two non-Intersecting sets one of which Is in 1-1 correspondence with 
A and the other with B. If A and B are finite, then 
n(Af+)B) - n(A) + n{B) even if A and B intersect. The elements of 
A $> B may be written as elements of A or B subscripted with the set 
from which they come, i.e* a A or h^« 

The canonical mappings associated with the' direct union A ® B 



are 



i A fi :A -♦ A ® B defined by i A Q (a) * a A , 

J A ' B :B -♦ A <B B defined by J A B (b) « b B , 

P ft *n:A©B-*Tr defined by p/ R (x) * T if and only if x comes 
A ' a from A, H, ° 

q. n :A $B -*T[ defined by q. p {x) » T if and only If x comes 
A » a * from B, A ' a 

There are two canonical partial functions r A B and s A ^ B * 
r A b jA©B-*-A. Is defined only for elements coming from A and satis- 
fies r A B (i A B (a))-a. Similarly, s A#B :A<5>B ' -* B satisfies 

3. The power set A B is the set of all mappings f:B-* % A„' The 
canonical mapping <* A B :A B xB -* A is defined by ^a^B^* 13 ' & f * b ^ 
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Canonical Mappings ■ „ We will not regard the s«ts Ax(BxO) and 
(AxB)xC as ihe same, but there is a canonical 1-1 mapping between, 
them, 

g A B c : (AxB)xC - Ax(BxC) 

defined by 

g A,B,C (u) * ''A,BxC (7r A,B (7r AxB,C (u)) ' *B,C ^B^xS/^^'* 

^AxE,^*^* 
We shall write 

(AxB)xC «Ax(BxC) 

to express the fact that these sets are canonieally isomorphic » 
Other canonical isomorphisms are 

1* t AB :AxB-*B«A defined by t(u) « 'b a' A.B^^A.B^' J 
2. d^AxCB^C) -* AxB® AxC 
3o a 2 :(A@B)<5)C-* A® (B © C) 
4„ d 2 :A C xB C •* (AxB) C 
5o d 3 :A B xA C -A B ^ C 



6, 3l : (A B ) C - A 5 * 



We shall denote the null set (containing no elements } by and 
the set consisting of the integers from 1 to n by n, We have 

A (£> * A 
A x £*0 
A x 1 & A 
< ' A -X 2 <* A@A (n terms, associate to left by convention) 

A? cs 1 (by convention) 

A x c* A 

A« AXo^xA (n terms, associate to left by convention) 

Suppose we write the recursive equation 

S - {A} £> AxS 

We can interpret this as defining the set of sequences of elements of 
A as follows: 

1. Interpret A as denoting the null sequence <, Then the null 
sequence (strictly an image of it) is an element of So 

2o Since a pair consisting of an element of A and an element of 
S is an element of S, a pair (a,A) is an element of S- So, then, 
are 

a 1 «(ag«A)) and a^°.(*2 a ( & 3 A))-) - etc 

Thus S consists of all sequences of elements of A including the null 
sequence. 

Suppose we substitute \A] © AxS for S in the right side of 
S - {A} ©AxS- We get 

S = {A} ®Ax( {A}® AxS) e 

If we again substitute for S and expand by the distributive law ex- 
pressed in equation (2) above we get 

S- {a} © AX { A} <D AxAx {AJ © « . - '■ 
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which, If we denote the oet f/.J by 1, becomes 
S - 1 © A ■'€> A 2 ©A 3 © <> « .' 

which is another way of writing the set of sequences 
the set of sequences of elements of A by seq(A)<, 

We can also derive this relation by writing S «1©AxS 

solving formally for 3, getting S » -~- which we expand in geometric 

aeries to get S « l@A®A f "|),. 5 just as before* 

Another useful recursive construction is 

S . « A (±> SxS . 

Its elements have the forms a or (a^ag) or ((a 1> «a s )«a. 4 ) or 

(a-'fao^a^)) etc. Thus we have the set of S-expressions on the 

alphabet A which we may denote by sexp(A). This aet la the subject 
matter of Reference 7, and the following paragraph refers to this 
paper. 

When sets are formed by this kind of recursive definition, the 
canonical mappings associated with the direct sum and Cartesian pro- 
duct operations have significance. Consider, for example, sexp (A ) 

We can define the basic operations of LISP, l.e . atom, eq, oar, 
cdr and cons by the equations 

atom(x) ■- P AfSxS (x) 



eq(x>y) - (^sxS^ 



^■AjSxS^^ 



assuming that equality is defined on the apace A, 
car(x) - ir SfS (» AfSxS (x)) 
cdr(x) -^ SfS (3 A>SxS (x)5 



cons{x,y) •» J 



( *« c(x,y)) 



and 



A, SxS* S,S 

Definition of the set of integers .. , Let A denote the null set 
I A} be the set whose sole element is the null set,. We can de- 
f lne v the set of integers I by • 

I - <A} © {A}xl , 

Its elements are then 

A, (A, A), (A, (A, A)), (A, (A, (A, A))) etCc 

which we shall denote by 0,1,2,3 etc. The successor and predecessor 
functions are then definable in terms of the canonical operations of 
the defining equation* We have 

succ(n) - tfjAj^-MO 



pred(n) « /° iA]>l ^ {Ah , A j xl <n» 



s~\ 
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PROPERTIES OF COMPUTABLE FUNCTIONS 

The first part of this paper was solely concerned with presorting 
descriptive formalisms. In this part we aha.ll establish a few of the 
properties of the entities we previously introduced . The most impor- 
tant section 13 section 3 which deals with recursion induction ■- 

7» Postal Properties of Conditional Forms 

The theory of conditional expressions corresponds to analysis by 
cases in mathematics and is only a mild generalization of prepositional 
calculus « 

We start by considering expressions called generalized Boolean 
forms (gbf) formed as follows: 

1* Variables are divided into propositional variables p,q,r, 
etc, and general variables x„y,z,etc 

2. We shall write (p -* x,y) for (p -* x r T — y). (p -* x,y) is 
called an elementary conditional form (ecf ) of which p, x, and y are 
called the premise, conslusion and the alternative , respective!;/ 

3« A varTibTe is a gbf, and if it la a prepositional variable 
It is called a prepositional form fpf)« 

4* If v is a pf and c* and are gbfs, then itt -» «*..6f 
is a gbf . If, m addition, <* and are pfs, sols (ir-» ««,&/* 

The value of a gbf ctf for given values (T, P or undefined) of 
the propositional variables will be T or P in case <x is a pf or a 
general variable othervrlse* This value is determined for a gbf 
(V -* c*,3) according to the table 

value M value Uv - <*M) _ 

T value (of) 

F value (0) 

undefined undefined 

We shall say that two gbfs are strongly equivalent if they have 
the same value for all values of the propositional variables in them 
including the case of undefined propositional variables- They are 
weakly equivalent If they have the same values for all values of the 
propositional variables when these are restricted to P and T» 

The equivalence of gbfs can be tested by a method of truth tables 
Identical to that of propositional calculus. The table for 
({p -* q,r) -* a,b) and (p -» (q -+ a,b)(r -♦ a,b)) is given on the next 
page o 

According to the table, ((p -* q,r) -*• a,b) and 
(p -* (q -* a,b), (r ~* a,b)) are strongly equivalent* 

For weak equivalence the u case can be left out of the table. 
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Consider the table 
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which proves that (p -* (q -* a,b), (q -* c,d)) and 
(q ■* (p "♦ a,c), (p - b,d)j are weakly equivalent. They are also 
strongly equivalent. We shall write « a awl s w for the relations 
of strong and weak equivalence „ 

There are two rules whereby an equivalence can be used to gener- 
ate other equivalences 



1. If 



2 £ and «-- * &. is the result of substituting 



l i 
of «? P , then of* 



~ $1- 



This is called 



any gbf for any variable in «: -=• p, wwu -^ 
the rule of substitution. . 

2. If «x S £ and <* is sub-expression of t and c is tne 
result of replacing an occurrence of «* in 1 by an occurrence of p, 
then V as 6 . This is called the rule of replacement. 

These rules are applicable to either strong or weak equivalence 
and in fact to much more general situations. . 

Weak equivalence corresponds more closely to equivalence of trucn 
functions in proposltional calculus than does strong equivalence. 

Consider the equations 

1) (p-a,a) » w a 

s„ a 



■s 



2) (T-a,b) 

3) (P-a,b) 

4) (p-T,F) 3S S p 
(p "♦ (P ~* a,b),c) 
(p-*a # (p-*b,c)) 
((p — q,r) -a,b5 



5) 
6) 
7) 
8) 



S a (p — a,c) 
H 3 Cp"-*a,c) 



S. (p— (q~a,b),(r- a,b)} 



~s 



A 



<(p "* (q -* a,b), (q - c,d)) S Q (q - (p - a,c>, (p - b,d}) 



All are strong equivalence except the first, and all can be proved by 
truth tables , 



- 1:0 - 

These eight; equations can be used as axioms to transform any gbf 
into any weakly equivalent one using substitution and replacement. 
In fact, they can be used to trans f one any gbf inso a canonical form. 
This canonical form is the following. Let, p-, -. * »,.p n be the vari- 
ables of the gbf a. taken In an arbitrary order* "* Then a can be 
transformed into the fora 

(p ± "* a ,a 1 ) 
where each a., has the form 

a* = (Pn a* q*s).3 * ) 
and in general for each k ~ l f< .,«,n-i 

a, , « (p kl1 ~» a, , 0, a. 4 U 

and each a, s , ,o.«a> is a truth value or a general variable. 

H x n 

For example, the canonical form of 

{(p-q,r) -a,b) 

with the variables taken in the order r, q r p is 

(r- (q- (p-*a,a),(p ->b,&)),(q-> (p - a.t), (p - b f b))5 , 

In this canonical form, the 2 n cases of the truth or falsity of 
P 13 ,uo f p n are explicitly exhibited,, 

An expression may be transformed into canonical form as follows: 
1) Axiom 7 Is used repeatedly until in every sub -express ion the 
rr in (ir -* -»%B) consists of a single propositional variable, 

2} The variable p^ is moved to the front by repeated applica- 
tion of axiom 8„ There are shree cases: (q -+ (p^ -* a^bJ.Cp^ -* r. r d)) 

to which axiom 3 is directly applicable: (q -* a, (p ± — c,d) ) where 

axiom 8 becomes applicable after axiom 1 Is used to make It 

(q -* ( Pl -♦ a,,a),(p 1 - c,d)); the case (q - (p ± -> a,fc),e) which is 

handled in a manner similar ;o that of case 2» 

Once the main expression has the form (p 1 "* «*'.&) we move any 
p.'s which occur In <* and (3 to the front ana eliminate them using 
axioms 5 and 6- We then bring pp to the front of o< and B using 
axiom i if necessary to guarantee at least one occurrence of p? in 
each of <x and 3 „ The process is continued until the canonical 
form is achieved a 

There is also a canonical form for strong equivalence. />ny gbf a 
is strongly equivalent to one of the form (pj ~* e*,8), where or and 
$ do not contain p* and are themselves In canonical form. However, 
the variable p., may^not be chosen arbitrarily but must be an inevitable 
propositional variable of the original gbf and can be chosen to ^e any 
inevitable variable. An Inevitable variable of a gbf U -* ex.gj) i& 
defined to be either the first propositional variable or else an 
inevitable variable of both =*• and £. Thus p ard q are the inevitable 
variables of (p ~* {r ~* (q -* a,b), (q ~* c„cl)), (q -* e ? f }) 

A gbf a may be put. In. strong canonical form as follows: 

1) Use axiom 7 to get all premisses as propositional variables,* 

2) Choose any inevitable variable, say p 1 ., and put a in the forra 
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(p -+ ^g) by using axiom 8. 

x 3) The next step is to eliminate occurrences of p^ in <x. and B. 
This can be done toy the general rule that in any ecf occurrences of 
the premiss in the conclusion can be replaced by T and occurrences 
in the alternative by P» However, if we wish to use substitution and 
replacement on formulas we need the additional axioms 

(9) (P~» (q-a,b),c) B s (p- (q- <p-a,a),(p-b,b)),c) 
and (10) (p-a,(q-t,c)) S3 (p - a, (q ~ {p - b,b), (p - c,c))) . 
Suppose there is an occurrence of p± in the conclusion; we want to 
replace it by To To do Shis, we use axioms 9 and 10 to move In a p 1 
until the objectionable v^ occurs as the inner p 1 of one of Che 
forms 

tol"* ( p i"* a » b >» c ) 
or {p t -> a, (p t -+ b,c))„ 

In either case* the objectionable p x can be removed by axiom 5 or 6, 
and the p-* 8 s that were moved in can be moved out again „ 

Thus we have (p i — <*,£) with p ± missing from <* and 0« 

4) Inevitable variables are then brought to the front of <* and 

p and so forth- 

Two ebfs are equivalent (weakly or strongly) if and only if they 
have the same (weak or strong) canonical form. One way this is easy • 
to prove; if two gbfs have the same canonical form they can be trans- 
formed Into each other via the canonical forme Suppose two gbfs have 
different weak canonical forms when the variables are taken in the 
same order . Then values can be chosen for the p»s giving different 
values for the form proving non-equivalence. In the strong case, sup- 
pose that two gbfs do not have the same inevitable propositional var- 
iables o Let p be inevitable in a but not in b. Then if the 
other variables are assigned suitable values b will be defined with 
p undefined* However, a will be undefined since p is inevitable 
in a which proves non-equivalence. Therefore, strongly equivalent 
gbfs~~have the same inevitable variables, so let one of them be put in 
front of both gbfs* The process is then repeated in the conclusion 
and alternative etc 

The general kind of conditional expression 

'' p i ~* e l* ' c ° » p n ""* e n^ 
can be regarded as having the form 

(p. — e is (p c -» e p> . . . , (p„ -» e '»u),...)) 

where u is a special undefined variable and their properties can be 
derived from those of gbf 'a* 

The relation of functions to conditional expressions is given by 
the distributive law 

f{x 1 ,a«.»x i . 1 ,(p 1 -*e 1 ,..*,p n -.«„>, x 1+1 ,....,x k ) - 
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The rule of replacement can be extended in the case of condi- 
tional expressions- Suppose or la an occurrence of a sub-expression 
of an expression $ u We define a certain propositional expression v 
called the premiss of e< m £ as follows : 

1) The premiss of tx in <x is T„ 

2) The premiss of ot in f (x lf .. .,x,,. .*,« n ) where «* is part 
of x, is the premiss of ex in x^ 

3) If •<• occurs in e 3 and the premiss of *f in e^ is >, 
then the premiss of «* in (p A -* e if • • . .p^ "* e^, . . . *p n ~" e n ) ls 
(a»P^A«o«-A>'P. ^) A p., A 7T 

4} If oc occurs in p jL and the premiss of <* in p ± is ir, 
then the premiss of s* in (p^ .'"* e^, »■. . f p£ •* e^.-.jPjj -* e n ) is 

1/Pj A* O O A «*P.» 4 A TTg 

The extension of the rule of replacement is that an occurrence 
of «• in may be replaced by «- » if (w -+ «* ) 3* 3 (ir -* «* » ) 
where w is the premiss of c* in 0. Thus in a subcase one need only 
prove equivalence under the premiss of the subcase. 

8° Recursion Induc tion 

Suppose a function f is defined recursively by 

1) f (x^, • » «„x R ) * £ t x i» * *» x fl t *^| 

where £ is an expression that in general contains t. Suppose that 

Ct is the set of n- tuple's {x ±$ ,«,,x n ) for which f is defined. 

Now let g and h be two other functions with the same domain as f 
and which are defined for all n- tuples in (2 . Suppose further that 
g and h satisfy the equation which defined f . We assert that 

for all (x 1# o.„*,x n ) in Q * This is so, simply because equation 1) 

uniquely determines the value that any function satisfying it has for 
arguments in O. which in turn follows from the fact that 1) can be 
used to compute f(x i ,»*.,x n ) for (z^**.,^) in (Z. 

We shall sail this method of proving two functions equivalent 
by the name of recursion in duction .. 

We shall develop some of the properties of the elementary func- 
tions of integers in order to illustrate proof by recursion induction, 
We recall the definitions 

m+n * (n^O ~* m,T -*■ m*+n") 

mn * {n»0 "* t T -* m+mn") 

Th_l* ra+O « m 

$*wff nw-0 «• {c«0 -* m,T ""*• m*-t-Cf) 
"* « ra 

Only the definition of addition and the properties of conditional ex- 
pressions were used in this proof* 
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Th 2o (m+n) f = ro'+n 

Proof Define f(m,n) ** (h=«0 -* m»,T -"♦" f (m,n")) . It is easily seen 

that f(ra,n) converges for all m and n and hence is defined by 
the equation, 

(nn-n) 9 » (n-0 -* m 9 T ~* m'+n") 1 

« (n*0 -* ro^T -* {m»+n")« 5 

n»+n * {n««0 -*• m 9 ,T "*•" (m 1 )'♦«"") 

It is easily seen that the functions g and h defined by the equa- 
tions g(m,n) * (tn+n)' and h(ra,n) » ?n**+n bo¥h satisfy the equation 
f. For example, it is clear that g{m j ,n ) »(m , -HS")» and 
h(m*,n~) « (m')'*n~ « Therefore, by the principle of recursion in- 
duction h and g are equivalent functions on the domain of where 
f is defined, but this is the set of all pairs of integers <, 

The fact that the above defined f (»,n) converges for all m 
and n is a case of the more general fact that all functions defined 
by equations of the form 

f {n,x, . <, ,z) «• (n*»0 -♦ g(x, «.oo,z), T ■* h(n,x,« ,,z, 

x \Yi $ r* \X^ c o o ^ z ) ^ « ? » | u i-^-> ° dd i'"//i 

f (n~,u(x, c<.«,z), w „,w(x, ».. « ,z)),etc<>)) 

converge., We shall postpone discussing formal proofs on convergence. 
In presenting further proofs we shall be more terse. 

Th 3» (m+n)+p » (m-fp)+n 

Eroof Let f(m,n,p) * (p-0 -* m+n,T -♦ f (m*,n,p )) , Again f con- 
verges for ail m, n, p u We have 

(m+n)-i-p - (p«0 -♦ ra+n,T -* (m+nj'+p"*) 

» (p-0 -♦ ro+n,T — (m'+nj+p") using Th 2, 

(m+p)+n « (p»0 -+ m,T "* m e +p~)+n 

« (p-0 -* m+n,T "* (m'+p~)+n) 

Each of these forms satisfies the equation for f(m,n,p)«. 

Setting m<*0 in Th 3» gives 

(0+n)*p * (0+p)+n 

so that if we had O+m « m we would have commutativity of addition . 
In fact, we cannot prove 0+m » m without malting some assump- 
tions that take into account that we are dealing with the integers. 
For suppose our space consisted of the vertices of the binary tree 
where m« is the vertex Just above and to the left, and m~ is the 
vertex Just below, and is the bottom of the tree . m+n can be 

defined as above and of course 
satisfies Theorems 1, 2, and 3 but 
bY .y a \ y does not satisfy Own ** m„ For 

example, in the diagram 0+a » b 
although a+C » a* 
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We shall make the following assumptions : 
lo m» /> 
2. (m 3 )" a. m 

3* (m ^ 0) r> {{nf )' = m) 
which embody all of Peano's axioms except the induction axiom, 

Th 4« 0+n « n ■ 

Proof Let f(n) * {n*»0 -* 0,T -♦ f (n**)* ) 

0+n » (n*»0 -♦ 0„T -* 0«+n") 

* (n«0-*0,T-* (OhT)») 

n '« (n»0 -* n„T -* n) 

- (n-0 -* 0,T '-* (n")«) axiom 3 

Th 5» m+n » rwm 

Proof By 3 and * as remarked above* 



Th 6o 
Proof 



Th y, 

■hw. . .al l w m i 

Proof 



Th 8o 
Proof 



th 9q 
Proof 



(ra+n)*p ■» m+(n4p) 

{m+n)+p • (ra+p}+n Th 3. 

• tP+mj+n Th 5» 
** (p+n)-«B Th 3« 

* m+(n4p) Th 5» 

m»0 =» G 

n»0 * (0*0 -* 0,T ~* m+n»0") 

- 



twice 



0>n 
Lee 



- 
f(n) 



(n.) * (n-0 •* 0,T.-* f (n~)| 
0-n » jn-0 -»■ 0,T -* 0*0»n ) 
« (n»0 -♦ 0,T "** 0) 



mn* . * s?,+n:n 

ron» * (n'-Q -* 0,T "•♦ m+m° (n B )") 
» m+mn axioms 1 and 2 



ThiOo m(n+p) «* ayn+mp 

i^roof Let f (m,n,p) ■» (p-0 -* ron,T -* f (m,n',p"')l 

m(n+p) » m(p«0 -* r.,T -* n , 4p"")j 

- {p«0 -* ron,T -* ra(n*+p")) 

mn+mp »» mn + (p=«C -* 0,T ~* swop"") 

m (p«o -* atfi4-0,T -* nm + (nv+mp""}) 

«* (p»0 -♦ mn,T ~* {mn+m)+mp"') 

« (p««0 -♦ mn s T "^nn'+mp"") 



Now we shall give some examples of the application of recursion 
induction to proving theorems about functions of symbolic expressions, 
The rest of these proofs depend on an acquaintance with the LISP for- 
malism* 
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We start with the basic identities * 

car[conslx;y33 * x 

cdr[cons[x;y]I * y 

~atom{x] Z> [consCcarfxjtcdrlxJ » x 

atora[cons[x;y] J * p 

nullfxj « eq[x:NIL] 

Let us define the concatenation x*y of two Xist3 x and y by 
the formula 

x*y * [nulltx) "* y;T "* const car[x3;cdr{x]*yll 

Our first objective is to show that concatenation is associative * 

Th 11 . [x«y}*z « x»[y«sl 

nuil[x*y] » nullCfnullCxl -» y;T -♦ eonsCcartx3;cdrCx*y]Jl] 

» Cnull[x] -*null[y3;T-*null[con8Ccar{xJjcdr{x*yJ]I 

« Cnulltx} -* nullly];T ~+- P] 

«« nullCxJnullty] 
car[x*yl « [nullfxj — car(yJ;T -» aar(cons{car[x};cdrtxJ«y]3 J 

« tnullfxj -* car[y3;T -* car[x33 
cdr(x*y] * [nullUj -* cdr[yJ;T -* cdr{cons{car{xlcdr[xJ*y3J J 

.» {nulljxj -* cdr[yl;T~* cdr[x]«y] 

Now 

(x«yj*z * [null[x*y] ' -* z;T -* const car[x*yl:cdr[x*y)*z 31 

« tnulltxj -* Cnulllyl -♦ 2;T -> conalearlx*yJ;cdrtx*y]<»zJ3: 

T -+ cons [ ear{x*y ] j cdrtx«y ] «z 3 ] 
* tnulltx] -* (nullCyJ -* «;T -* cons[car(y3;cdrCy}*z}3- 

T -* eonsIcar[x};[cdrtx3«yJ*z3Jl 
» Cnulltxj -^y^-.T-* conafcarCxirCcdrUI^yl^JJ 

Now let , ' ■ _ ' r , ' ' , 

f[x;y;z3 - tnulltxj -► y*z;T -♦ cons[car(x3:f[cdr[xJ:y;zjJ 

Prom the above steps we see that tx*yj*z satisfies the equation for 
f. On the other hand 

x*[y*zJ - [nulltxl ~*y*z;T -» constcartxl;tcdrfx}*ty*zJJ] 
and so satisfies the equation directly « 

Th 12, MIL«x * x 
"'■" x*NIL - x 
Proof NIL*x - [nullCHIL] —x;T-* cons[carCMLj:cdr[NIL3«x]] 

■ a X 

x*NIL » tnulltxj -+ NIL;T -+ constcartxl-cdr£x3*NJLjJ 
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Let f(x) « [nulilxj -* HILjT "* cons [car Cxi. ;f [cdrfx] I] J , 

x*NIL satisfies this equation,, We can also write for any list x 

x * Cnullltxl ~* x;T ~* xj 

* [null[x] -* NIL;? -* cons[car[x];cdr[x}}] 

which also satisfies the equation* 

Next we consider the function reverse [x] defined by 

reverse[x] ** [null[x] ~* NILjT -+ reverse[cdr[x] l*eonstcar[xl;NILj 1 . 

It is not difficult to prove by recursion Induction that 

reverse [x^y 1 » reverse [y } *re verse [ x J 

i 

reverse [reverse Ex] I ** x„ 



and 



Many other elementary results In the elementary theory of numbers 
and in the elementary theory of symbolic expressions are provable in 
the same straightforward way as the aboi^e* In number theory one gets 
as far as the theorem that if a prime £ divides ab # then It divides 
either a or bo However, to formulate the unique~Tactorization 
theorem requires a notation for dealing with sets of Integers * 
Wilson 9 s theorem, a moderately deep result, can be expressed in this 
formalism but apparently cannot be proved by recursion induction* 

One of the most Immediate problems In extending this theory is to 
develop better techniques for proving that a recursively defined func- 
tion converges c We hope to find some based on ambiguous functions. 
However ^ Oodel*a theorem disallows any hope that a complete set of 
such rules can be formed 

The relevance to a theory of computation of this excursion into 
number theory is that the theory Illustrates in a simple form mathe- 
matical problems Involved in developing rules for proving the equi- 
valence of algorithms „ Recursion induction* which was discovered by 
considering number theoretic problems <, turns out to be applicable 
without change to functions of symbolic expressions 



9* Relations to Other Fo rmal isms 

Our characterization of Q {T} as the set of functions computable 
in terms of the base functions In ¥ cannot be independently verified 
in general since there Is no otfoer concept with which it can be com- 
pared. However $ it is not hard to show that all partial recursive 

functions In the sense of Church and Kleene are in {succ^eq/ „ In 
order fee prove this we shall use the definition of partial recursive 
functions given by Davis3. if we modify definition 1*1 of page 41 of 
Qavis3 to omit reference to oracles we have the following: A function 
Is partial recursive If It can be obtained by a finite number of .ap- 
plications of composition and mlnlroallzatlon beginning with the func- 
tions on the following list: 

1) x* *} x-y -* (x~y > ~* x-y i( 

2) l£(x,> a *«,xj - x 4y i * I * n T-0) 



'i ^1> 

O **y 5) *y 



All the above functions are in C { suce^eq} Any C {*?} is 
closed ander composition so all that renains is to show that 
C ^suco^eq] Is closed under the rninim&liss&fcion ©Deration,, This opera- 
tion in defined as follows: The operation of tninimallzation ascoci^ 
atea wltti each total function f (y^x^ * * »*x n ) the function 
h{x^ p , t *.> 9 x n ) whose value for given "x^ooo^x^ is the least y for 

which f (y^x^u.^x ) ~ 0, and which Is undefined if no such y 
exists o We Have to^show that If f is in C £succ,eq} so is fcu 

But h ;$ay be defined by 

^1* ° ° ° *^n * ** ^ ' u -* ^ j- # * * ° *"^n * 
where 

h 2 (y,x ll o*,,x n ) - (f(y,x lJf0 ,o,x n ) « 0-*y,T -^hgCy'jX^oe,.^)} 

The converse statement that all functions in C {succ,eq} are 
partial recursive Is presumably also true but not quite so easy to 
prove c 

It is our opinion that, the recursive function formalism based on 
conditional expressions, presented In this paper is better than the 
formalisms which have heretofore been used in recursive function 
theory both for practical and theoretical purposes* First of all, 
particular functions in which one may be interested are more easily 
written down and the resulting' expressions are briefer and more under- 
standable * This has been observed in the cases we have looked at, and 
there seems to be a fundamental reason why this is so* This la that 
both the original Church-Kleene formalism and the formalism using the 
ininimailzatlon operation use integer calculations to control the flow 
of the calculations « That this can be done is noteworthy * but con- 
trolling the flow In this way is less natural than using conditional 
expressions which control the flow directly. 

A similar objection applies to basing the theory of computation 
on Turing machines * Turing machines are not conceptually different 
from the automatic computers In general use, but they are very poor 
In their control structure « Any "programmer who has also had to write 
dow:i Turing machines to compute functions will observe that one has 
to invent a few artifices and that constructing Turing machines is like 
programming o Of course, moat of the theory of coroputabllity deals 
with questions which are not concerned with she particular ways com- 
putations are represented. It is sufficient that computable functions 
be represented somehow by symbolic expressions*, e*>g* numbers *> and fchat 
functions computable in terms of given functions be somehow repre- 
sented by expressions computable In terms of the expressions repre- 
senting the original functions* However^ a practical theory of compu- 
tation Vast be applicable to particular algorithms* The same objec- 
tion applies to basing a theory of computation on Markov 8 s9 normal 
algorithms as applies to basing it on properties of the integers; 
namely flow of control Is described awkwardly* 

The first astettpt to give a formalism for describing computa- 
tions chat allows computations with entities from arbitrary spaces 
was made by A* P* Erahov** However, his formalism uses computation* 
with the symbolic expressions representing program steps „ and fchir; 
sesms co be an unnecessary complication. 
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We now discuss the relation between our formalism and computer 
programming languages. The formalism has been used aa the basis for 
the LISP programming system for computing with symbolic expressions 
and has turned out to be qui&e practical for this kind of calcula- 
tion,, A particular advantage has been that it Lb easy to write re- 
cursive functions that transform programs * and this makes compilers 
and other program generators easy to write., 

The' relation between recursive functions and the description of 
flow control by flow charts 13 described in Reference ?« An ALGOL 
program can be described by a recursive function provided we lump all 
the variables into a single statue vector having all the variables as 
components* If the number of components Is large and most of the 
operations performed Involve only a few of them, It is necessary to 
have separate names fcr the components* 2'hls means that a programming 
language should include both recursive function definitions and ALGOL- 
like' statements c However, a theory of computation certainly must have 
techniques for proving algorithms equivalent, and so far it has seemed 
easier to develop proof techniques like recursion induction for recur- 
sive functions than, for ALGOL-like programs,, 



i0 ° 2H thg. Relationa t^tween Consputagion and jMathematical ^of^e 

In what follows computation and mathematical logic will eaah be 
taken in a wlds aenseo The subject of computation is essentially that 
of artificial intelligence since the development of computation ia in 
the direction of making machines carry ou-s ever more complex and so- 
phisticated processes/ i.e. to behave aa intelligently aa possible- 
Mathematical logic ia concerned with formal !-*nguages, with the repre- 
sentation of information of various mathematical and non-mathematical 
kinds in formal systems , witrs relations of logical dependence, and 
with the process of deduction* 

In discussions of relations between logic and computation there 
has been a tendency to make confused statements, e<>go to say that 
aspect A of logic is identical with aspect B of computation, when ac- 
tually there is a relation but not an identity* We shall try %c be 
precise,, 

There is no single relationship between logic and computation 
which dominates zhe ethers.. Here ia a list of some of the more impor- 
tant relationships., 

i-> Morphological parallels 

The formal command languages in which procedures are described, 
e.g. AL/10L; the formal languages of ajathenuatiaal logio^ e*g* first or- 
der predicate calculus; and natural languages to some extent; ail may 
be described morphologically (i,e,^ one 'can describe what a grammatical 
sentence ia) using similar syntactical terms* In my opinion* the im- 
portance of this relationship ha& been exaggerated^, because aa soon 
as one^ goes into what; uhe sentences «an the parallelism disappears, 

£\ Equivalent elassea of problems 

Certain classes of problems about computations are equivalent 
to certain classes, cf problems about formal systems* For example v let 
E ± be the alaas of Turing machines with initial tapes y 
E be the ela#& of formulas of the first order predicate 
K " aalo-uluf* , 
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E- bo tne «iaso of general recursive functions, 

•3-5 be the afaso cf formulas in a univ-ersal Post canonical 

u ! «* ts y* p* v* - * 

a K be a'claaa of each element; which la a LISP S-f unction i 
-* together with a suitable ceo of arguments a^ ... . s a k „ 

K 6 be a program for a stored program iigltat computer. 
About £* we aak? Will the machine ever atop? 
About E* we aa£i Is the f omul a valid" 
About Ei; we ask; Irs f (0) f*e lined? 
About Ej? we ask: la the fornoia a theorem 
About Sr we as'*«' ** f fa.j : > * .-:a ; , . I lerioel' 
about S:? we asks Will the program ever seep" 

For any pair {E.,,Ej we -an define a. scmputabie map tnat takes 
any one of the problems ^aboufe elements of S, inoo a corresponding 



problem about an element; of 11, and which .fs"suoh that toe problems 

Mto the same answer. Thus, for any Turi-g machine and initial sape 
we can find a ccrresDording formula of the firm; order predicate cau- 
cus such that the Taring machine will eventually stop it ana only it 



the formula is valid 




present cemps ,.. — v .-•«„- - . . 

reason from finitenesa that, a computation will termiraxe or r-epeao be- 
fore the solar system cosies vo an end: and one is forced «o ccr-sxaer 
problems concerning actual computers by methods appropriate to ma- 
chines with an infinite number of states „ -■■-«. v 
T^ese results owe much of uheir injpoi-tan.ee to the face acat each 
of the problem nlasaes is unsellable in che sense that for each class 
there is no machine which will solve ail she problems in the class. 
This result nazi jcoafc easily be proved for certain classes (tradition- 
ally Turing machines},, and" then the equivalence permits- its extension 

""These results have teen generalized in various ways* There Is 
the work of Poat, Myhlll, and others, on creative sets and the work of 
Kieene on hierarchies of unsoXvability* Some of this work is ot po- 
tential interest for computation even though the generation of new 
unsaleable classes of problems does not in itself aeerc to be of great 
interest for computation,, 

'■*.<. Proof procedures and proof checking procedures 

The next relation oceans from the fact that computers can be 
used to carry out the algorithms that are being devised to generate 
proofs of sentences in various formal systems. These formal tsys terns 
may have any subject matter of interest in mathematics, in science, or 
concerning the relation of an intelligent computer program to its en- 
vironment.. The forma), system on which the moat work has been lone is 
the first order predicate calculus which is particularly important for 
aereral reasons, First, many subjects of interest can be axto-macizec! 
within this calculus Sescrxh it is complete, i«.e„ every valid for- 
mula has a proof. Third, although it seems unlikely that the general 
methods for the first order predicate calculus will be able to pro- 
duce proofs of significant results in the pare of arithmetic axioraa- 
tizable in this calculus (or in any other important domain of mathc- 



matics),. the development; of theee general methods will provide a 
measure' of what; mast be left to subjeet~matter-dependent heuristics* 
It should be understood by the reader that the first order predicate 
calculus is undecidable; hence there is no possibility of a program 
that will decide whether a formula Is valid. All that can be done 
is to construct program that will decide some cases and will eventu- 
ally prove any valid formula hut which will run on indefinitely in 
the case of certain invalid formulas* 

Proof- checking by computer may be as important as proof genera- 
tiono It is part of the definition of formal system that proofs be 
machine checkable,. In my forthcoming paper [9 J* X explore the possi- 
bilities and applications of machine checked proofs.. Because a ma- 
chine can be asked to do much more work in checking a proof than can 
a huroan^ proofs cart be made much easier to write in such systems a 
In particular* proofs can contain a request for the machine to ex- 
plore a tree of possibilities for a conventional proof The potential 
applications for computer-checked proofs are very large. « For example* 
instead of trying out computer programs on test cases until they are 
debugged,, one should prove that they have the desired properties* 

Incidentally* it is desirable in this work to use a mildly more 
general concept of formal system* Namely,, a formal system consists 
of a computable predicate 

check! b tat o\ne:it : proof 1 
of $he symbolic expressions ^-^tenjen^ aici grocf* ^e #ay that £££pf 
is a proof of r^atement prcvicfed '" *" 

ohechi ^fa^emeJ^t; proof } 
has the value T* 

The usefulness of c^on-puter checked proofs depends both on the 
development of types of formal systems in which proofs are easy to 
write and on the formalization of Interesting subject domains. It 
should be remembered that the formal systems so far developed by lo- 
gicians have heretofore quite properly had as their objective that It 
should be convenient to prove rnetatheorems about the systems ra.ni;er 
than that It be convenient to prove theorems in the sy 3 theirs* 

4o Use of Formal Systems by Computer Programs 

When one instructs a computer to perform a task one uses a 
sequence of imperative sentences „ On the other hand, when one In- 
structs a human being to perform a task ore rises mainly declarative 
sentences describing the situation in which he ie to act. A single 
imperative sentence is then frequently sufficient,: 

The ability to instruct a person in this way depends on !-;is 
possession of comir^on-senee which we shall define as the fact that we 
can count on hiaThavIhg 'available any sufficiently immediate conse- 
quence of what we tell him arid what we car, presume he already knows*. 
In my paper [10] I proposed a computer program called the Advice jraker 
that would have these capabilities and discussed its advantages'? Uhe 
main problem in realizing the; Advice ^ Taker has been devising suitable 
formal languages covering the S^je^^^matter about which we wamt the 
program to think., 

This experience aM others has led me to she conclusion that 
mathematical linguists are making a serious mistake in their almost 
exclusive concentration on the syntax and,, even more specially, the 
grammar of natural languages* It is even' more Important to develop a 
mathematical understanding and a formalization of the kinds of infor- 
mation conveyed in natural language » 
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5c Mathematical Theory of Computation. 

In the earlier sections of this paper I. have tried to lay a 
basis for a theory of how computations are built up from elementary 
operations and also of how dar-a spaces are built* up« The forrealiam 
differs from those heretofore used in v>he theory of computability In 
its emphasis on cases of proving statements within the system rather 
than metatbeorems about ito This seems to be a very fruitful field 
for further work by logician?;. 

It is reasonable to hope that the relationship between computa- 
tion and mathematical logic will be as fruitful in the next ceaturv 
aa that between analysis and physics in the last, The development* of 
this relationship demands a concern for both applications and for 
mathematical elegance „ 
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